We consider the application of group invariant transformations in order to constrain a flat isotropic and homogeneous cosmological model, containing of a Brans-Dicke scalar field and a perfect fluid with a constant equation of state parameter w, where the latter is not interacting with the scalar field in the gravitational action integral. The requirement that the Wheeler-DeWitt equation be invariant under one-parameter point transformations provides us with two families of power-law potentials for the Brans-Dicke field, in which the powers are functions of the Brans-Dicke parameter ωBD and the parameter w. The existence of the Lie symmetry in the Wheeler-DeWitt equation is equivalent to the existence of a conserved quantity in field equations and with oscillatory terms in the wavefunction of the universe. This enables us to solve the field equations. For a specific value of the conserved quantity, we find a closed-form solution for the Hubble factor, which is equivalent to a cosmological model in general relativity containing two perfect fluids. This provides us with different models for specific values of the parameters ωBD, and w. Finally, the results hold for the specific case where the Brans-Dicke parameter ωBD is zero, that is, for the O'Hanlon massive dilaton theory, and consequently for f (R) gravity in the metric formalism.
INTRODUCTION
The comprehensive analysis of various observational data (Cosmic Microwave Background, Supernova Type Ia, large-scale structures, etc.) supports a picture in which the universe is spatially flat with only about 30% of its total energy in the form of dark or luminous forms of matter. The nature of the remaining 70%, residing in some unknown form of enigmatic 'dark energy' remains a mystery even though it can be accurately described by a particular type of anti-gravitating stress. Discovering the physics of this dark energy, driving the recent accelerated expansion of the universe, is a key goal of theoretical physics and cosmology. The intense debate among the cosmologists and theoretical physics has opened up the possibility of various new cosmological scenarios which offer different sources for the observed acceleration and even a possibility to link it to the suspected era of inflationary acceleration in the very early universe. Some of these scenarios are based on the existence of new fields in nature, while others modify the classical Einstein-Hilbert action for gravity [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] .
In Friedmann-Lemaître-Robertson-Walker (FLRW) cosmologies containing scalar fields, some analytical solutions without matter can be found in [17] [18] [19] [20] [21] [22] [23] . If a matter component is included in the dynamics then new solutions were also found in [24] [25] [26] [27] . Furthermore, a new class of solutions has been found from the application of group invariants, namely Lie/Noether symmetries of the field equations [28, 29] . In fact the idea to use Noether point symmetries in cosmology is not new and indeed there is a lot of work in the literature (see [30] ). In some previous papers we have provided the Lie/Noether symmetries for various cosmological models, including scalar fields [28] , f (R) [31] , f (T ) [32] and scalar tensor theories [33] . Recently, we have used this dynamical symmetry approach in order to provide solutions to the WdW equation [34] .
In general for scalar-tensor theories, including the particular case of Brans-Dicke gravity [10] , various analytical solutions are available in the literature [35] [36] [37] . In Ref. [46] , an exact solution describes a Brans-Dicke scalar field which interacts with a perfect fluid in the action integral. Moreover, some closed-form solutions for plane symmetric spacetimes can be found in [38] , and some black-hole solutions in Brans-Dicke gravity are given in [39] [40] [41] . Using the method of group invariants, some new exact solutions without matter source are found in [43] [44] [45] , and with dust in [33] .
The purpose of this paper is to extend the method proposed in Ref. [34] to Brans-Dicke gravity when the perfect fluid does not interact with the Brans-Dicke field in the action integral. The proposed selection rule determines the potential that defines the Brans-Dicke field in order for the Wheeler-DeWitt (WdW) equation to be invariant under a group of point transformations. In [34] that proposed method was applied in general relativistic cosmology for a homogeneous scalar field and a perfect fluid. It has been shown that when the WdW equation is invariant under one-parameter point transformation then, the WdW equation can be solved by separation of variables. The solution provides oscillatory terms in the wavefunction and, at the same time, the point transformations give Noetherian conservation laws for the classical field equations. This latter property can be used to study the integrability of the field equations and extract closed-form solutions.
The structure of the paper is as follows. In Section 2 we present the field equations in Brans-Dicke gravity. In Section 3 we apply Lie point symmetries to the WdW equation and, in section 4, we provide the invariant solution of the WdW equation. Also, in the same section, we use the Hamilton-Jacobi theory to reduce the field equations to a pair of first-order differential equations and under specific conditions (the Noetherian conservation law vanishes) we obtain a closed-form solution for the Hubble parameter in Brans-Dicke gravity. Then we check the performance of this special Brans-Dicke model against the latest observational data. Finally, in Section 5 we discuss our results and we draw our conclusions.
FIELD EQUATIONS IN BRANS-DICKE GRAVITY
In Brans-Dicke gravity the gravitational action in the Jordan frame and matter that is not interacting with the Brans-Dicke field is defined by [15] 
where L m is the Lagrangian of the matter, φ is the Brans-Dicke scalar field, and ω BD is the Brans-Dicke parameter.
Variations of S (1) with respect to the metric tensor and the field φ gives the modified Einstein field equations
and the Klein-Gordon equation
where k ≡ 8πG. In (2) T µν is the energy-momentum tensor of matter. Since we have assumed that the matter is not interacting with the Brans-Dicke field, we have the conservation law T µν ;ν = 0. In the following we study the solution of these equations under the following assumptions. a. Spacetime is spatially flat with FLRW metric line element
whose Ricci scalar is
b. Matter is a perfect fluid for comoving observers u µ = δ 0 µ ; that is, the energy-momentum tensor is
where ρ m , is the energy density of the matter and p m is the isotropic pressure measured by the observers u µ . c. The perfect fluid has a constant equation of state (EoS) parameter w, i.e., p m = wρ m . For a barotropic fluid w ∈ [0, 1]; for w = 0, T µν , describes dust and for w = 1/3, a radiation fluid. In what follows we will extend the range of the EoS parameter to be w ∈ (−1, 1) and consider effects 'fluids'. Of course, the lower limit, w = −1, corresponds to a cosmological constant which can always be absorbed in the scalar-field potential.
d. We assume that the scalar field, φ, possesses the same symmetries as the spacetime, that is φ (t, x, y, z) ≡ φ (t). From the conservation law T µν ;ν = 0 we find that ρ m = ρ m0 a −3(1+w) , where ρ m0 is the energy density of today, and ρ m0 = 3Ω m0 H 2 0 . Under these assumptions the Lagrangian of the field equations becomes
and the first Brans-Dicke Friedmann equation is
where H =ȧ/a, is the Hubble function, and an overdot indicates differentiation with respect to the comoving proper time coordinate t. In general, the Lagrangian (7) defines the motion of a particle in a two-dimensional space {a, φ} with effective potential
For ω BD = −3/2, from Lagrangian 1 (7) we define the momentum,
, hence we can write the Hamiltonian
From the first modified Friedmann equation (8) it follows that E = 0. Therefore, the second modified Friedmann equation and the Klein Gordon equation are described by the following Hamiltonian system:
Under normal quantization, i.e., p i ≃ i ∂ ∂x i , we can define the WdW equation W := E (Ψ) = 0, that is [48, 49] ,
1 In the limit in which ω BD = −3/2, lagrangian (7) is denerate, i.e.
∂ẋ i ∂ẋ j = 0, for a discussion see [47] .
where Ψ = Ψ (a, φ) indicates the wavefunction of the universe. Notice, that we use the following derivatives
Recall that the dimension of the minisuperspace is two: that is, we do not introduce the quantum correction term in order for the WdW equation to be conformally invariant [50, 51] .
The WdW equation is defined by the conformally invariant operator
where ∆ γ is the Laplace operator with respect to the minisuperspace γ ij , and R γ , is the Ricci scalar of γ ij . The importance of the operatorL γ is that under a conformal transformation,γ ij = e
2 Ω(x k ) Ψ holds, where Ω x k is an arbitrary function. Moreover, using the the kinetic term in the Lagrangian (7), we endow the minisuperspace γ ij (the dimension is n = 2), with line element:
from which we conform that the associated Ricci scalar vanishes, i.e. R γ = 0. Hence, from (16), it follows that L γ = −∆ γ , which is the Laplace operator, and under a conformal transformation we have
In order to solve (15), we need to specify the scalar-field potential. This will be done by an ansatz. In the literature there have been many forms for this potential depending on what one wants to do. In the present work we adopt the geometric approach to dictate the physics. The gain from this approach is that it is observer-free and no conflicts arise between geometry and dynamics. Specifically, we require that the potential V (φ) be such that the WdW equation (15) admits Lie point symmetries.
GROUP-INVARIANT TRANSFORMATIONS FOR THE WDW EQUATION
For convenience, we provide below the basic definitions of Lie point symmetries.
i are the independent variables, and Ψ is the dependent variable, where
The generator X of the infinitesimal one-parameter point transformation
is defined by
from which it follows that
The differential equation, W , is invariant under the action of the one-parameter point transformation (18) if there exists a function κ such that [52, 53] 
where X [2] is the second prolongation of X in the jet space x i , Ψ, Ψ ,i , Ψ ,ij . When condition (21) holds, we say that X is a Lie point symmetry of W . Notice, that the Lie point symmetries of a differential equation form a Lie algebra.
For differential equations which follow from a variational principle, i.e. there exists a Lagrange function, the Lie point symmetries which transform the action integral in such a way that the Euler-Lagrange equations are invariant are called Noether point symmetries. The characteristic of Noether point symmetries is that for each Noether symmetry, X, there corresponds a conservation law which is called a Noether integral [54] . The Noether point symmetries of a differential equation form a subalgebra of the Lie point symmetries of that equation which is called the Noether algebra of the differential equation.
Lie point symmetries of the WdW equation
The WdW equation (15) is a second-order partial differential equation defined in the space of the independent variables x i → {a, φ} , where Ψ is the dependent variable. Hence, the generator (20) of the infinitesimal point transformation (18) has the following form,
From condition (21) , and for arbitrary V (φ), we have the following Lie symmetries:
where b (a, φ) is a solution of the original equation. The vector field X Ψ is called a homogeneous symmetry, whereas X b corresponds to the infinite number of solutions. Both these Lie symmetries are trivial symmetries in the sense that they cannot be used to reduce the differential equation. However, they indicate that equation (15) is a linear second-order partial differential equation.
In order that equation (15) admit non trivial Lie symmetries, we must consider specific forms of the potential V (φ) . In [34, 55] it has been shown that the WdW equation (15) admits nontrivial Lie point symmetries if and only if the potential V (φ) is power law, with
In our case the power λ = λ (ω BD , w) has the following possible values: (a)
The Lie point symmetry vector which corresponds to λ 1 is
and to λ 2 is,
where
2 µ 1 . We remark that the vector fields X 1 , X 2 , are conformal symmetries for the minisuperspace γ defined by the kinematic part of the Lagrangian (7). Therefore, the minisuperspace selects the form of the potential [28, 34, 55] . A special case occurs when the perfect fluid is radiation, that is, w = 1/3. In this case we find another power-law potential of the form
For this potential the WdW equation admits the Lie point symmetry which is given by the vector field, Y = Y + + Y − , where
The importance of the existence of a nontrivial Lie point symmetry for equation (15) is the existence of a coordinate system in which equation (15) is independent of one of the independent variables, and the solution which corresponds to the zero-order invariants has oscillatory terms. Furthermore, a Noetherian conservation law for the field equations (10)- (14) means that they define an integrable Hamiltonian system [34] . In the next section we use the zero-order invariance on the WdW equation (15) to reduce the field equations to two first-order ordinary differential equations, which we solve.
ANALYTICAL SOLUTIONS
Now we apply the zero-order invariants of the Lie point symmetries for the WdW equation in order to reduce the equation and find the solution of the wavefunction Ψ(a, φ). Moreover, by using the Hamilton-Jacobi equation we reduce the dimension of the Hamiltonian system for the field equations. We do that for the potential (24) with λ = λ 1 .
Invariant solution for the WdW equation
In order to apply the zero-order invariants of a Lie point symmetry in equation (15), we prefer to work with the normal coordinates of the symmetry vector X 1 . We apply the coordinate transformations
to (15) and the WdW equation takes the following form
where now we have Ψ = Ψ (x, y),
In the new coordinates the Lie point symmetry vector X 1 , takes the simple form X 1 = ∂ x . Since X 1 is a Lie symmetry of (31) this means that it transforms solutions to solutions; that is,
from where it follows that,
where the function, Φ (y), is given by the following second-order ordinary differential equation:
In fig. 1 we present the wavefunction (33), in the case of the O'Hanlon theory, i.e. with ω BD = 0; which can be seen as an effective f (R) gravity with φ = df dR and V (φ) = df dR R − f [57] . Specifically, in the left panels of fig. 1 we show the solutions of Re (Ψ (a, φ)) and Im (Ψ (a, φ)) respectively, for ρ m0 = 0, and w = 1/3. The latter case is for the the radiation-dominated era. As we have discussed above, the previously selected dynamical conditions imply V (φ) = V 0 φ 2 , hence we can easily show that the corresponding 4 f (R)-theory is f (R) ∝ R 2 . We would like to remind the reader that the R 2 term provides a de-Sitter behavior [58] which plays a critical role in the inflationary era. In fact, if the gravitational Lagrangian is f (R), there exist de Sitter solutions of the theory with covariantly constant R 0 if it is a solution of Barrow and Ottewill's condition R 0 f ′ (R 0 ) = 2f (R 0 ), [59] , which is satisfied identically for the purely quadratic Lagrangian. Notice, that in the right panels of fig. 1 , we plot the contours of the wavefunction in the (a, φ) plane. Now we focus on Eq.(34). In the special case of m 2 = 0, namely ω BD = 2 3 (3w−2) (1−w)
2 , the corresponding solution is
FIG. 1: Left panels:
The surface plot of the wavefunction (33) for ωBD = 0,ρm0 = 0, w = 1/3 and β = 1i, which corresponds to the quadratic potential V (φ) = V0φ 2 . Notice that we use V0 = 1 units. The current dynamical model effectively reduces to f (R) ∝ R 2 gravity. Right panels: The contours of the wavefunction in the (a, φ) plane.
In the next section we continue with the classical solution of the field equations. As we shall see, the constant β is related to the value of the Noetherian conservation law for the field equations, which corresponds to the vector field X 1 .
Classical solution
In the coordinate system (30) the Hamiltonian of the field equations (10) becomes
and the field equations are given by the following Hamiltonian system
From the first modified Friedmann equation, and equation (39), we have that
This is the Noetherian conservation law which corresponds to the symmetry vector 5 X 1 . Comparing the last expression with (32) we see that |β| ≃ |I 0 |.
From (36) we define the (null) Hamilton-Jacobi equation:
where S = S (x, y) is the action. Furthermore, from (41), we have the constraint ∂S ∂x = I 0 . Hence, from this and from (42) we find,
while for m 2 = 0, the action S (x, y) becomes
Hence, the field equations (37)- (40) reduce to the following two-dimensional system of first-order differential equations:
where, S = S (x, y), is given by (43) or (44) . In general, the solution of the system (45)- (46), is not given in closed form. Below, for the specific case where the Noetherian conservation law vanishes, we can express the solution in terms of the scale factor.
A special closed-form solution
We consider now the case where I 0 = 0, i.e. p x = 0 with m 1 = 0, From (37) and (38) we have
x , hence with the use of (30) for the field φ, we have (8), it follows that
, and G ef f = 3 (1 + M ) − ωBD M 2 φ −1 is the effective gravitational constant. We see that
φ 0 −1 . Therefore, we can say that when I 0 = 0, the scalar field behaves like an effective fluid with constant EoS parameter. A special solution of the form, φ = φ 0 a φ1 , where φ 1 is a constant, has 5 As we can see we did not use the formulas of Noether theorems to calculate the conservation law. However we derived it from the Hamilton equations in the canonical coordinates of the vector field X 1 . 6 Recall that the action S (x, y) is related to the momenta, px =
∂S ∂x
, and py = ∂S ∂y . been found in [46] , where V 0 = 0 and the perfect fluid is interacting with the scalar field in the action integral. A similar result has been found in [34] . In that paper we applied the same geometric selection rule for the scalar field, but in general relativity (G ef f = const) as a special solution of the field equations 7 . By replacing G ef f (a) in (48), we can define the Hubble function as follows
where spatial flatness requires that Ω φ0 + Ω m0 = 1, since E (a → 1) = 1. Furthermore, the new constants q 1 , q 2 are,
Hence, the system (50)- (51) can provide us with a Hubble function for different models of two fluids (49) . We study some special cases: Case (A): Cosmological constant with dust. This means that (q 1 , q 2 ) = (0, −3) or (q 1 , q 2 ) = (−3, 0), from which we have (w, ω BD ) = 0, It is interesting that when we assume a radiation fluid in (49) we have a solution of the system (50)- (51) in which ω BD = 0; however, this result is expected since when ω BD = 0, the action (1) reduces to O'Hanlon's massive dilaton gravity [56] , and consequently to f (R)-gravity in the metric formalism, which provides a radiation term [16] .
Before we close this section, we should add that for the power-law potential (24) with λ = λ 2 , one may use the same method to construct the solution of the field equations. We shall not repeat the calculations but we simply say that in this case the canonical coordinate transformation {a, φ} → {z, r} is given by the following expression:
Observational Constraints
Now we focus on the Hubble parameter (49) in which we have imposed w = 0. This means that the perfect fluid in the gravitation action (1) is dust. Therefore, from (50) and (51) we have that q 2 = − 3ωBD+4 3ωBD+1 and q 1 = 0. Using the above conditions the Hubble parameter becomes
We mention that from the second term of Eq.(53) one may define an effective equation of state parameter, namely
Obviously, for ω BD = 1/6 (or w (eff) m = 0) the above Hubble parameter reduces to that of the concordance ΛCDM model.
In order to constrain the Brans-Dicke parameter we perform a joint likelihood analysis using the Type Ia supernova data set of Union 2.1 [60] , and the BAO data [61, 62] . Notice, that for the Hubble constant we utilize H 0 = 69.6km/s/Mpc [63] . Hence, the overall likelihood function is defined as follows
7 For a different derivation of the same result see [25] [26] [27] . where
A /2 which means that the total χ 2 is written as
Lastly, in order to test the performance of the cosmological models against the data we use the Akaike information criterion AIC= min(χ 2 ) + 2n f it , where n f it is the number of free parameter [65] . In the case of SNIa the corresponding chi-square parameter is given by
where N SN Ia = 580, z i ∈ [0.015, 1.414] is the observed redshift, µ obs is the observed distance modulus and µ th = 5logD L +25 with D L denoting the luminosity distance. Furthermore, for BAOs the corresponding chi-square parameter has the following form
where N BAO = 6 and C
−1
ij is the inverse of the covariant matrix in terms of d z = lBAO DV (z) [64] . Notice, that the quantity l BAO (z drag ) is the BAO scale at the drag redshift and D V (z) is the volume distance [62] .
In table I, we present the results of the current statistical analysis while in figure (2) we provide the 1σ, 2σ, and 3σ combined likelihood contours for the Brans-Dicke model [see Eq. (53)]. In particular, we find the following results:
• for the Brans-Dicke model: Ω m0 = 0.29 • for the ΛCDM model: Ω m0 = 0.28 Since, ∆AIC = |AIC−AIC Λ | ≤ 2 we conclude that the current cosmological models fit equally well the observational data.
CONCLUSIONS
In this paper, we have extended our earlier analysis, which was introduced in [34] , for the case of Brans-Dicke gravity with a perfect fluid in which the fluid EoS parameter is constant and the underlying geometry is that of a spatially flat FLRW universe. In particular, in order to select the functional form of the scalar field potential, V (φ) , in the gravitational action integral (1), we have used the well known criterion, namely the existence of group invariant transformations for the WdW equation [34] . The existence of a Lie point symmetry vector for the WdW equation is related to the existence of oscillatory terms in the solution of the wavefunction Ψ, and to Noetherian conservation laws for the field equations. The latter can be used to find analytical solutions.
For our model, in which the perfect fluid is not interacting with the scalar field, we found two families of solutions with power-law potential V (φ) = V 0 φ λ , where the constant λ depends on the EoS parameter, w, of the perfect fluid and the Brans-Dicke parameter ω BD . The results hold for the case where the parameter ω BD vanishes, i.e., action (1) is that of O'Hanlon theory which is equivalent with f (R)-gravity in the metric formalism. As a special case, a third family of power potentials is found when the perfect fluid is radiation, i.e. w = 1/3.
By applying the zero-order invariants of the corresponding Lie symmetry in the WdW equation, we were able to solve the WdW equation and find the oscillatory behavior of the wave function. Furthermore, with the use of the Hamilton-Jacobi theory we reduced the Hamiltonian system, which defines the classical field equations, to a system of two first-order differential equations. That is, the field equations for that form of the potential, V (φ), form a Liouville integrable dynamical system.
As a special case for one of the integrable models, we found a closed-form solution for the Hubble function from which we saw that the Brans-Dicke field follows power-law behaviour with respect to the metric scale factor, that is, φ = φ 0 a M . In this context, the Hubble parameter is written as H(a) = H 0 Ω φ0 a q1 + Ω m0 a q2 , where the parameters q 1,2 are given in terms of (w, ω BD ). Obviously, one may recover a similar Hubble parameter to this within the framework of general relativistic cosmology by using two different perfect fluids with constant equation of state parameters. This implies that the current Brans-Dicke gravity model is cosmologically equivalent to that of general relativity as far as the cosmic expansion is concerned. Therefore, in order to distinguish Brans-Dicke gravity from GR we need to extend the analysis to the perturbation level. It is well known that modified gravity affects, via the effective gravitational constant the growth rate of linear matter perturbations. As an example, in the case of f (R) gravity models the quantity G ef f is given in terms of the scale factor and of the wave-number (see [64] , [67] and references therein). In a forthcoming paper, we attempt to investigate the impact of the Brans-Dicke gravitational parameter G ef f = 3 (1 + M ) − ωBDM 2 φ −1 on the matter perturbations. Lastly, performing a joint statistical analysis involving the recent SNIa and BAO data, we place constraints on the main cosmological parameters of the Brans-Dicke model. It has also been shown that there exists a relation between the value of the conserved quantity, I 0 , for the classical field equations and the "frequency", β, in the WdW equation. Hartle proposed that strong peaks in the wavefunction lead to a classical observable universe [66] . Since the WdW equation is a linear second-order PDE, the general invariant solution is the sum on all possible values of β. However, one may relate the "frequency" of the strong peaks of the wavefunction to the value of the conserved quantity, I 0 , (41) . The latter is included in the solution of the field equations, i.e. a (t), and consequently in the Hubble function H (a). In any case, the existence of the conservation law indicates a strong relation between the classical and the quantum solutions and information can be transferred from among the two systems. However, the physical observable quantities which correspond to the conservation laws of the field equations are still unknown.
The Brans-Dicke action is defined in the Jordan frame and is conformally equivalent to the minimally coupled scalar field in the Einstein frame. The solutions which we have found describe a perfect fluid which is not interacting with the scalar field in the Jordan frame. However, the solutions can be transformed into the Einstein frame and will hold for a model in which there exists an interaction between the perfect fluid and the scalar field of a particular form. By definition, the two models share the same solution of the WdW equation.
In a forthcoming work we will study the cosmological evolution of these integrable models in the Einstein frame.
